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Abstract

The transmission of a vertex v of a graph G is the sum of distances from v to all
the other vertices in G. A graph is transmission irregular if all of its vertices have
pairwise different transmissions. A starlike tree T'(k1, ..., k¢) is a tree obtained by
attaching to an isolated vertex t pendant paths of lengths k1, ..., k;, respectively.
It is proved that if a starlike tree T'(a,a+1,...,a+k), k > 2, is of odd order, then
it is transmission irregular. 7'(1,2,...,¢), £ > 3, is transmission irregular if and
only if £ ¢ {r?+1: r > 2}. Additional infinite families among the starlike trees
and bi-starlike trees are determined. Transmission irregular unicyclic infinite
families are also presented, in particular, the line graph of T(a,a + 1,a + 2),
a > 2, is transmission irregular if and only if a is even.
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1 Introduction

If G = (V(G),E(G)) is a graph, we use the notations n(G) = |V(G)| and m(G) =
|E(G)|, and denote by dg(u, v) the shortest-path distance between vertices u,v € V(G).
The transmission Trg(v) (or Tr(v) for short if the graph G is clear from the context)
of a vertex v € V(G) is the sum of distances from v to the vertices in G, that is,

Trg(v) = Z de(u,v).

ueV(G)

With this notation we have W (G) = 5 > Trg(v), where W (G) is the famous Wiener

veV(G)
index of G. The Wiener complezity Cyw (G) of a graph G was introduced in [1] (under
the name Wiener dimension) as the number of different transmission of vertices in G:

1
2

Cw(G) = |{Trg(v): veV(G)}.

The Wiener complexity of graphs has been further investigated in [3, 5, 16, 17, 20].
Complexities of related invariants of interest in mathematical chemistry have also been
investigated; the complexity of the connective eccentric index in [4, 10], the eccentric
complexity in [2], and the complexity of the Szeged index in [6].

The transmission set Tr(G) of G is the set of the transmissions of its vertices, that
is, Tr(G) = {Trg(v) : v € V(G)}. A graph G is transmission regular [19] if all its
vertices have the same transmission. In other words, transmission regular graphs are
the graphs G with Cyw (G) = 1 = |Tr(G)|. On the other extreme, G is transmission
irregular [5] if all its vertices have pairwise different transmissions, that is, if Cy (G) =
n(G) = |Tr(G)|. We note in passing that very recently stepwise transmission irregular
graphs were introduced in [15] as the graphs in which the transmissions of any two of
its adjacent vertices differ by exactly one.

Now, since almost no graphs are transmission irregular [5], it is of interest to search
for families of transmission irregular graphs. For this sake let ¢ > 3, and let &y ..., k; be
positive integers. Then a starlike tree T'(kq, ..., k;) is a tree obtained by attaching to an
isolated vertex ¢ pendant paths of lengths &, . .., k;, respectively [9, 18]. These pendant
paths will be called k;-arms. We may assume without loss of generality throughout
the paper that k; < --- < k. In [5] it was proved that T'(1, ko, k3) is transmission
irregular if and only if k3 = ko + 1 and ko ¢ {(¢* — 1)/2, (t* — 2)/2} for some ¢ > 3.
Al-Yakoob and Stevanovié¢ [7] recently extended the latter result by characterizing
the starlike trees T'(ki, ks, k3) which are transmission irregular, their result will be
restated in Theorem 2.1. In the meantime, Dobrynin constructed several families of
transmission irregular graphs. In [12] he presented an infinite family of 2-connected
transmission irregular graphs, in [14] he followed with an infinite family of 3-connected
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cubic transmission irregular graphs, while in [13] he discovered an infinite family of
transmission irregular trees of even order.

In the rest of this section we recall a few definitions needed and prove some pre-
liminary results. In the first main result of Section 2 we prove that if a starlike tree
T=T(a,a+1,...,a+ k), k> 2,is of odd order, then T is transmission irregular. In
the second main result of the section we then prove that a starlike tree T'(1,2,...,¢),
¢ > 3, is transmission irregular if and only if £ ¢ {r? +1: r > 2}. Then, in Section 3,
we determine additional infinite families among the starlike trees (broken unit arith-
metic starlike trees and extremal starlike trees) and bi-starlike trees. In the subsequent
section we turn out attention to unicyclic graph containing C3. From the two results
proved we select the one asserting that the line graph of T'(a,a + 1,a 4+ 2), a > 2, is
transmission irregular if and only if a is even.

1.1 Preliminaries

If k is a positive integer, then [k] = {1,...,k} and [k]o = {0,1,2,...,k}. The degree of
a vertex v of a graph G is denoted by deg.(v). A vertex in a tree T' of degree at least
3 is called a branching vertez in T'. The line graph of a graph G is denote by L(G).
For an edge e = wv of a graph G, the number of vertices that are closer to uw than to
v is denoted by n,(e|G) or n, for short. Analogously, n,(e|G) or n, for short denotes
the number of vertices closer to v than to u in G. If A is a set of integers and i € Z,
then A + i denotes the usual coset, that is, A+i={a+i: a€ A}.
We will make use of the following easy result on the transmission.

Lemma 1.1 ([8]) If uv € E(G), then Tr(u) — Tr(v) = n, — n,.

If T is a tree, then n, +n, = n(7T) for any edge uv € E(T'). Hence in every tree T
there is at most one edge uv for which n, = n, holds. Moreover, if such an edge exists,
then n(7T") must be even. Combining this fact with Lemma 1.1, we have the following
result.

Proposition 1.2 If T is a transmission irreqular tree, then T contains no edge uv
with 1, = N,.

Using Lemma 1.1 we also derive the following result.

Proposition 1.3 If T is a transmission irreqular tree, then T contains no two edges
e1 = zy and es = wv with |n, — ny| = |n, —n,| = 1.



Proof. From Lemma 1.1 we get Tr(z) = Tr(y)+ny,—n,. Since |n,—n,| = |n,—n,| =1,
the edges xy and wv must be adjacent in T. We may thus assume without loss of
generality that e; = yz, where z # z. Then |n, — n,| = |n, —ny| = 1. Since
ny +ny, = n(T) = n, + n,, we get that n, = n,. Hence, using Lemma 1.1 again, we
get Tr(z) = Tr(y) + ny — n, = Tr(y) + n, — n, = Tr(z), contradicting the assumption
that T is transmission irregular. O

Proposition 1.4 Let G be a connected graph with n(G) =n and v € V(G) of degree
deg(v) > 3. If P = uvjvy - - v,_1v is a pendant path with natural adjacency relation
attaching at v, where deg(u) =1 and x < %, then Tr(v,—1) — Tr(v) = n — 2.

Proof. By definition, we have n, = 1 and n,, = n — 1, that is, n,, —n, = n — 2.
Similarly, ny,, —n,, =n—4,...,n,,_, —n,, , =n—2(x—1),and n,—n,, , =n—2x > 0.
By Lemma 1.1, we get Tr(v,_1) — Tr(v) = n — 2z. O

We conclude the preliminaries with the following necessary condition for transmis-
sion irregular starlike trees.
t—1

Proposition 1.5 If Tk, ..., k) is transmission irregular, then k, < > k;.
i=1

Proof. Set T = T(ky,...,k;) and suppose on the contrary that k;, > ZE;% k;. Since
n(T)=1 +Zf:1 k;, we get that k; > @ Let P be the ki-arm in T'(ky, ..., k). Based
on the parity of n(7"), we observe that there exists an edge uv on P with n,, = n, if n(T)

is even, or there are two adjacent edges zy and yz with |n, —n,| = |n, —n,| =1. By
Propositions 1.2 and 1.3, T is not transmission irregular. This contradiction completes
the proof. O

2 Unit arithmetic starlike trees

As already mentioned in the introduction, transmission irregular trees T'(1, ko, k3) were
characterized in [5], while in [7] the result was extended to all starlike trees T'(ky, k2, k3).
We now restate this appealing result to show that the problem is intricate, as well as
to be applied later on. Note that its condition k3 < ky + ko is just the case t = 3 of
Proposition 1.5.



Theorem 2.1 [7, Theorem 2| T'(ky, ko, k3) is transmission irreqular if and only if ky <
ko < k3, ks < k1 + ko, and the triplet (ki, ko, k3) does not belong to the set

U viru U viiu U i

1<i<y 1<j<k 1<i<k
where
N ={ (kb + G- (14 =), pli +) )
Y ged(i+ g, j — i)/ ged(i+ 4,7 —1)
bt N wed(ia i
isk1’<1+] Z)g;(ﬂrw Z)Sp},
ye _ p(j + k) o o4 (5 — (1 P .
7k {<gcd(j+k,k—j)’ 2k + ‘7)< +gcd(y’+k,k—j)>)'

max<' j—'—k
P ged(G+ ko k— j)

ik {<k1 ged(i + k. k —z')’kl + k- Z><gcd(z’~|—k,k — z)>> '
klgcd(z:+/<:,k’—i) <p< (k:l—l—k—z')gcc.i(i—i—k,k—i)}‘
1+ k - 21

As pointed out by Al-Yokoob and Stevanovié¢, the proof method used to prove The-
orem 2.1 could in principle be applied also to starlike trees with more than three arms.
However, the number of sets of parameter values to be avoided grows quadratically
with the number of branches, so possible formulations of such results (as well as their
proofs) would be extremely long and consequently useless. Moreover, computational
results (see [7, Table 1]) indicate that the number of transmission irregular starlike
trees rapidly decreases with the number of branches. Nevertheless we will construct in
this section infinite families of transmission irregular starlike trees with an arbitrary
number of arms.

We say that a starlike tree T'(ky, ..., k;) is arithmetic if k; ;1 — k; is a constant, or
unit arithmetic if ki1 — k; = 1, for i € [t — 1]. The main result of this section reads as
follows.

kzgcd(Hk,k—j)}

<ky, 1<p<

igkb

Theorem 2.2 If T is a unit arithmetic starlike tree of odd order, then T is transmis-
ston irreqular.

Proof. Let T'=T(a,a+1,...,a+ k), k > 2, and let v be the vertex of T" with degree
k+ 1. For p € [a + k] define the sets B, as follows:

{ps+p(p—1)+2pi: i€ [k+1]} p € [a],
B, =

{ps+plp—1)+2pi: i€[(k+1)—(p—a)l}; pe€la+k]\][d],
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where s = (k—1)(a+ £ - 1) — 2.

Claim A: Tr(7)\ {Tr(v)} = U (Bp 4 (Te(v) + 5+ 2)).
p=1

By the structure of T' we see that n(T) = 1+a+(a+1)+---+(a+k) = (k+1)(a+%)+1.
Since the distance between v and the leaf on the longest arm is is a + k, we have
Tr(v') = Tr(v) = (k+1)(a+ £)+1—-2(a+ k) = (k—1)(a+ & — 1) by Proposition 1.4,
where v is the neighbor of v lying on the longest arm of 7. From Lemma 1.1, the
transmission of the vertex w is ps+p(p—1)+2pi if w is on the (a+k+1—1)-arm of T
with d(w,v) =pandi € [k+1]forp€lajorie[(k+1)—(p—a)] forp€ [a+k]\ [d]
where s = (k—1)(a+ % — 1) — 2. Claim A now follows from the definition of B,. ©

By the assumption, the order of T', n(T) = (k + 1)(a + %) + 1, is odd. Note that
Tr(u) # Tr(v) for any vertex u € V(T') \ {v}. Then it suffices to prove that

{Tr(u) s w e V(T) \ {v}}| = n(T) - L.

Note that |A + a| = |A| for any set A. By Claim A and the definition of B,,
a+k

it suffices to prove that | |J B,| = n(T) — 1, that is, the sets B,, p € [a + k], are
p=1

pairwise disjoint. Recall that s = (k — 1)(a + % — 1) — 2 and note that s is odd. Then
B, consists of increasingly odd numbers in terms of ¢ if p is odd, or of increasingly
even numbers in terms of i if p is even. Set BY) = {B, : p € [a + k] is odd} and
B® = {B, : p € [a+ k] is even}. Since BN N B® = {), it suffices to prove that
B, N Byyor = 0 for any subset {p,p + 2t} C [a + k]. Next we calculate the value of
min By» — max B,,. If {p,p+ 2} C [a], we have

min B,.s —maxB, = (p+2)s+(p+2)(p+1)+2(p+2)
—ps —p(p—1) = 2p(k + 1)
= 25+ 6p+6—2p(k+1)
= (k—1)2a+k—-2)+6p+2—2p(k+1)
= (k—1)2a—2p+k—2)+2p+2
> 0.



If p € [a] and p+2 € [a+k]\ [a], similarly as above, we can get min B, ;o —max B, > 0.
While {p,p+ 2} C [a + k] \ [a], we have

min By.o —max B, = (p+2)s+(p+2)(p+1)+2(p+2)
—ps —p(p—1) = 2p[(k+ 1) — (p — a)]
= 25+6p+6—2p[(k+1) — (p—a)]
= (k—1)2a+k—-2)+6p+2—2p(k+1)+2p(p—a)
(k:—l)[k—Z—?(p—a) —dp+6p+ 2+ 2p(p — a)
= k—1Dk-2)+2(p—a)(p—k+1)+2p+2.
(

Set v = (k—1)(k—2)+2(p—a)(p—k+1)+2p+2. Notethat k > 3anda < p < a+k—2. If
a>kora<k<p,then x > 0 holds clearly. Now we consider the last case a < p < k.
In this case, since k — p > 1, we have

(k—=1)(k—2)—2(k—p)(p—a)+4p —2a+2
= k*—3k+2—2(kp—p*—ak+ap) +4p —2a+2
(k —p)? + p* + 2a(k — p) + 4p — 2a — 3k + 4
2p(k —p)+2a(k—p) —3(k—p)+p—2a+4
2p+2a—-3)k—p)+p+4—2a
2p+2a—3+p+4—=2a

= 3p+1

> 0.

X

Vv

v

Thus the sets B, p € [a + k|, are pairwise disjoint, completing the proof. O

It can be routinely checked that (k-+1)(a+£)+1 is odd if and only if £ = 3(mod 4)
or k+ 2a = 0(mod 4). Therefore, we have the following consequence.

Corollary 2.3 If k = 3(mod 4) or k + 2a = 0(mod 4), then T(a,a+1,...,a+ k) is
transmission irreqular.

From Corollary 2.3 we can obtain some special transmission irregularity starlike
trees. For instance, T(a,a + 1,a + 2,...,a + k) is transmission irregular when k =
2(mod 4) and a is odd. This fact for £ = 2 and odd a enlarges the set of transmission
irregular starlike trees included in [5, Table 1]. Moreover, we also have the following
characterization for this case.

Corollary 2.4 T(a,a+ 1,a + 2) is transmission irreqular if and only if a is odd.
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Proof. By the above we only need to prove that T'(a,a + 1,a + 2) is not transmission
irregular if @ is even. Assume that a = 2¢ with ¢ > 1. Setting a = 2¢ and k = 2 in B,),
we have
{ps+p(p—1)+2pi:ie 3]} p € [2t],
B, =
{ps+plp—1)+2pi:i€2t+3—p|}; pe{2t+1,2t+2},

where s = 2t — 2. Thus min B,y = (t + 1)(s + t + 2) = max B;, which implies that
T(a,a+ 1,a+ 2) is not transmission irregular for a = 2t with ¢ > 1. O

Corollary 2.4 can also be deduced from Theorem 2.1. In the theorem, set k; = a,
ks = a+ 1, and k3 = a + 2. Then it is easily seen that the sets ./\/'Zy and /\/'J?”’kz are
empty. For the set Njj* we get that k —i =1 and p = ged(i + k, k — i) = 1 must hold.
For the second coordinate we have ¢ + k = a + 1, from which we get 2i = a. Hence
(a,a+ 1,0+ 2) € N7 if and only if a is even which, by Theorem 2.1, in turn implies
that T'(a,a + 1,a 4 2) is transmission irregular if and only if a is odd.

In the next result we provide a complete characterization of the transmission irreg-
ularity of arithmetic starlike trees with k; = 1.

Theorem 2.5 Let T =T(1,2,...,0) with ¢ > 3. Then T is transmission irreqular if
and only if € ¢ {r* +1: r > 2}.

Proof. Assume that v is the vertex of maximum degree in T'. Setting a = 1 and

¢
k =¢—1in Claim A, we have Tr(T) \ {Tr(v)} = U (Bp + (Tr(v) + s + 2)> where
p=1
B,={ps+pp—1)+2pizi€[(+1-p]}withs=(k—1)(a+s-1)-2=22 1
for p € [¢]. Clearly, B, is a set of increasing elements in terms of i. For convenience,
we write B,; = ps + p(p — 1) + 2pi. Observe that 7" is transmission irregular if and

¢
only if | |J B,| = n(T) — 1, that is, the sets B,, p € [{], are pairwise disjoint. Let
p=1
B, =B, \ {ps+pp—1)+2p({+1—p)}. Then we have
(0 —3)

min B, —max B, ; = ———+p'=(p-1p-3)-2p -1 +1-p)
(-3
= (2 )+4p—3—2(p—1)(€+1—p)
00—
= (=3 23)+2p2—2€p+2€—1
N2 =2
- a5+

> 0,



that is, min B, is larger than the second largest element in B, for any p € [(] \ {1}.
Note that

(-3
min B, —max B, ; = <2 )+p2—(p—l)(p—B)—Q(p—l)(ﬁ—l—Z—p)
0 —
_ U 5 3)+2p2—2(€+1)p+2£+1
B 2( _£+1>2_£—1
R 2
> 0
for any p € [1, YLy [AEYEL ) Moreover,
1 2
max B,_; —min B, = g——Z(p—H—1>
2 2
> 0

for any p € [z+172\/471’ €+1+2\/271]' So max B, ; < min B, <min B)_, for p € [(] \ {1}.
In view of Theorem 2.2, we observe that T is transmission irregular if and only if n(T")
is odd, or otherwise ¢ 4+ 1 + /¢ — 1 is not even. Note that n(7T") = @ + 1 is odd if
and only if ¢ = j(mod 4) with j € {0, 3}.

We have thus proved that T is not transmission irregular if and only if £ = j(mod 4)
with j € {1,2} and £+ 1+ /¢ — 1 is even. Suppose that ¢/ —1 = r € Z*. Then
(=r?+1and hence (+1++(—1=(r?+1)+1+7r=r(r+1)+2, which is even. If
r =2k, then ¢ = 4k*> + 1, so £ = 1(mod 4). And if r = 2k + 1, then ¢ = 4k(k + 1) + 2,
so ¢ = 2(mod 4). We conclude that T is not transmission irregular if and only if
Ce{r*+1: r>2} O

To conclude the section we give a negative result by proving the a certain family of
arithmetic starlike trees is not transmission irregular.

Theorem 2.6 If @ <k <2a+2 and k + 2a = 2(mod 4), then T'(a,a + 1,a +
2,...,a+ k) is not transmission irregular.

Proof. Assume that &k + 2a = 4x + 2. Then a + g — 1 = 2z. Since @ <k <
2a + 2, we have x < min{a,k + 1}. Let v be the vertex of maximum degree in
T(a,a+1,a+2,...,a+k). As stated in the proof of Theorem 2.2, we have max B, =
zs+ax(r—1)+2x(k+1) and min B,y = (r+ s+ z(x+ 1)+ 2(x + 1) with s =
(k—1)(a+ g — 1) — 2. A straightforward calculation shows that max B, = min B, 1,
which implies that Cy (T') < n(T') — 1. O]



3 More (bi-)starlike transmission irregular trees

3.1 Broken unit arithmetic starlike trees

A starlike tree is broken unit arithmetic if its arm length set is obtained from a u-
nit arithmetic sequence by removing some consecutive elements of the sequence. If
ai,...,a is a unit arithmetic sequence in which all elements from the open interval
(a;,a;) were removed, where 1 < i < j —1 < k — 1, then the broken unit arithmetic
starlike tree corresponding to this new sequence will be denoted by T'[a1,a;; a;, agl.
Below we present the transmission irregularity of a special class of broken arithmetic
starlike trees T'[a,a + k — 2;a + k,a + k + 1].

Theorem 3.1 Let T =Tla,a+ k —2;a + k,a+k + 1] with k > 2. If k = 3(mod 4)
or k + 2a = 0(mod 4), then T is transmission irreqular.

Proof. Assume that Ty = T(a,a + 1,...,a + k) with ug and vy being the pendant
vertices of the (a + k)-arm and the (a + k — 1)-arm of T, respectively. Note that ug
and vy are the diametrical vertices of Ty. Then T' can be obtained from Ty by adding
pendant vertices w and v, and edges uug and vvg. Let w € V(T') be the branching
vertex of T" and let B, and s be defined as that in the proof of Theorem 2.2. For
p € |a+ k] we define a new set B, which consists of the first two elements of B,, that
is, B, = {ps +p(p—1)+2pi: i€ [2]}, and define in addition the sets B) by

ps+plp—1)+20p+1)i: i€ lk+1]}; p € |al,
BY =
{ps+plp—1)+2(p+1)i: ie(k+1)—(p—a)l}; pela+k—2]\][d],

with s = (k —1)(a+ % —1) —2. Let B} = B, UBY for p € [a+ k — 2] and set
B} .1 = B, for consistency. The transmissions of vertices not on the diametrical
a+k—2
path of 7' form the set |J (B, + Trp(w)), those of vertices but u and w on the
p=1
a+k—1
diametrical path of T"is just |J (B, + Trp(w)). Let B}, = {Trr(ug), Trr(v)} and
p=1

v ike1 = 1Trp(u)}. Note that 7;(T) =n(Ty) + 2 is odd from the assumption. Then

a+k+1

)\ (Trr(w)} = |J B

Moreover, Try(z) — Trp(w) = Trr, (2) — Trp, (w) for 2z € {ug,vo}. By Lemma 1.1, we
have Trp(u) = Trp(ug) +n(T) — 2, and Trp(v) = Trp(vg) +n(T) — 2. From the proof of
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Theorem 2.2, we know that Trp, (1) and Trr, (vg) are maximum and second maximum

transmissions in Tr(7}), so are Try(u) and Try(v) in Tr(7'). Now we only need to prove
atk+1
that the sets from the union |J B, are pairwise disjoint. By a similar reasoning as
=1

pi
that in the proof of Theorem 2.2, it suffices to prove that min B;,, — max B, > 0 for
any {p,p+2} C [a+k]. Let ¥ = min By;,, —max B}. For any {p,p+2} C [a], we have

r = (k—1)Q2a—2p+k—-2)+2p+2—-2(k+1)
(k—=1)[2a—2(p+2) + k] +2p—2
> k(k—1)+2p—-2>0.

Similarly, we have z > 0if p € [a] and p+2 € [a+k]\[a]. For any {p, p+2} C [a+k]\]al,
we have

v = (k=1)(k-=2)+2(p—a)(p—k+1)+2p+2—-2[(k+1)— (p— a)]
= k=1Dk-D+20—a)p—k+2)+2p—2.

Ifa>kora<k<p,then z >0 holds. If a < p < k, we have

v = (k—p)?*+p°+2a—5)(k—p)+p—da+2
> (2p+2a—5)(k—p)+p—4a
> 3p—2a—3
> 3a+3—2a—3
= a>0,
completing the proof. O

3.2 Extremal starlike trees

In view of Proposition 1.5 we say that a starlike tree T'(ky,..., k) is extremal if
ky = Zf;i k; holds. In this section we construct some transmission irregular extremal
starlike trees. Similarly as in the proof of Theorem 2.2, for positive integers a and k
set where h = (k — 1)(2a + k) 4+ 2a — 1 and define the sets D,, p € [a + k], as follows:

{ph+p(p—1)+2pi:i€[k+1]} p € la],
D, =
{ph+plp—1)+2pi:ie€[(k+1)=(p—a)l}; pelatk]\l[a.
Mimicking the proof of Theorem 2.2 we can prove the following result, hence its proof
is omitted.
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Lemma 3.2 Let a and k be positive integers, and let D, and h be defined as above.
Then the sets D,, p € [a+ k|, are pairwise disjoint.

With Lemma 3.2 in hand we can find the announced transmission irregular extremal
starlike trees.

a+k
Theorem 3.3 Let T =T(a,a+1,...,a+k, (a+%£)(k+1)), and let D = |J D,, where
p=1

the sets D, are defined as above. If for every d € D, the number d is not a square
number from the interval [k(Za +k—1)+1,(a+£)?(k+1)?|, then T is transmission

wrreqular.

Proof. Note that n(7T) = (2a + k)(k + 1) + 1. Assume that v is the vertex with
maximum degree in 7" and Tr(v) = y. By Proposition 1.4, we have Tr(v;) = y + 1
where v; lies on the longest pendant path in 7" with dr(v,v;) = 1. By Lemma 1.1, the
set of transmissions is just {1,4,9,..., (a + £)*(k 4+ 1)} + y of vertices on the longest
pendant in 7. Note that h = (k — 1)(2a + k) + 2a — 1. From the structure of T, we
observe that the set of transmissions is just D + y of vertices in T different from v and

not lying the longest arm. From the assumption with Lemma 3.2, our result follows.
O

Taking k = 1 in Theorem 3.3, we have the following result.

Corollary 3.4 Let T =T(a,a+1,2a+1). If d is not a square number in the interval
[Za—i— 1, (2a + 1)2] for any d in {p(2a—1)+p*: p€la+1]} or {p(2a—1)+p*+2p:
p € [a]}, then T is transmission irreqular.

3.3 Bi-starlike trees

A tree T is a bi-starlike tree if T contains exactly two vertices of degrees at least 3.
Note that some special bi-starlike trees and starlike trees are used [11] as extremal ones
with respect to two novel distance-based graphic invariants. The length of the induced
path connecting these two vertices of degrees at least 3 is called the shoulder width
of a bi-starlike tree and the path connecting these two vertices of degrees at least 3
is called the shoulder path in this bi-starlike tree. Denote by BT (ky, ko, ..., k) a
bi-starlike tree obtained from two copies, say T; and T5, of starlike tree T'(ky, ko, . .., ki)
by identifying the branching vertex of 77 with the leaf on the k;-arm of T5. Note that
the shoulder width of BT*)(ky, ks, ..., k) is k;.
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Remark 3.5 [t can be routinely checked that BTV (a,a+1,2a+1) is transmission
irreqular for a € {2,3,5} but not transmission irreqular if a = 6.

From Remark 3.5, it seems a bit difficult to construct transmission irregular bi-
starlike trees with long shoulder widths. But the case is different when the shoulder
width is short. Although there are some unit arithmetic starlike trees which are not
transmission irregular, we can construct transmission irregular bi-starlike trees with
shoulder width 1 using unit arithmetic starlike trees regardless of whether they are
transmission irregular or not. Denote by BS*(a,a + 1,a + 2,...,a + k) a bi-starlike
tree obtained by connecting two vertices of degree k + 1 of two copies of T'(a,a+ 1,a+
2,...,a+ k) and attaching a pendant vertex to one vertex of degree k + 2.

Theorem 3.6 Let T* = BS*(a,a + l,a+ 2,...,a + k) with a > 1. Then T* is
transmaission irreqular.

Proof. From the structure of 7%, we have n(T*) = (k + 1)(2a + k) + 3. Assume
that v,v" € V(T*) with deg;.(v) = k + 3, Tr(v) = = and degp.(v') = k + 2. Then
v’ € E(T). By Lemma 1.1, we have Tr(v') = x + 1. Let 7% — vv' = T UT" where
v € V(T) and v’ € V(T"). Setting t = (%) +ak + 1, we have n(T*) = 2t + 1 +2(a + k).
Let vg be the leaf adjacent to v in T" of T*. Then Tr(vy) = = + 2t +2(a + k) — 1. Now
we define a set A; as follows:

{2it +i* + 2ij : j € [ko}; i € [al,
Ai -
{2it +*+2ij:j€k+a—ilo}; p€latk]\]lal
By Proposition 1.4, the transmissions of vertices in T adjacent to v form the set
<{2t +2(a+k)—1}U A1> + 2 and the transmissions of vertices in 7" with distance i
to v form the set A; +x for any i € [a+ k] \ {1}. Moreover, Tr(v') = Tr(u) + 1 for any
corresponding vertex v’ in 7" to u in T of T*. Note that |D| = |D + d| for any set D
and any number d. Then it suffices to prove that the sets A} = A; U{2t+2(a+k)—1}
and A;, i € {2,...a+ k}, are pairwise disjoint.
Since a > 1, A} is pairwise disjoint. Moreover, by the definition of A;, we have

[m’ig]ri{l} min A; =4t +4 > 2t +2(a+ k) — 1 for a > 1. Then we only need to prove
1€ la+

that A;, i € {2,...a+k}, are pairwise disjoint. Note that A; consists of increasing odd
numbers in terms of 7 if ¢ is odd and vice versa. For any {i,i + 2} C [a], we have

min A;, —max A; = 2(i +2)t + (i +2)* — 2it —i* — 2ik
= 4t + 4i +4 — 2ik
> 2k(2a+k—1)—2a(k—2)+4
> 0.
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From the fact that max A; = 2it 4+ * + 2i(k 4+ a — i) < 2it 44> + 2ik for i € [a+ k] \ [a],
our results follows immediately. OJ

4 Cycle-containing graphs

In this section we will construct some cycle-containing graphs with transmission irregu-
larity. Denote by C3(ky; ko, ks; k4, ks) a graph obtained from a triangle C5 by attaching
at one vertex of C3 a pendant path of length &, at another vertex of C3 pendant paths
of lengths ko and k3, respectively, and at the third vertex pendant paths of lengths ky4
and ks, respectively.

Proposition 4.1 Let k > 3 and G = C3(1;1,k;2, k). Let Ag = {k+ 9,2k + 11,2k +
14,3k + 14,4k + 16}, Ay = A+ 1, A= AgU A, and B={i*: i € [k+ 3]\ [2]}. If
AN B =0, then G is transmission irreqular.

Proof. Let w be the unique vertex of degree 3 in G, and let u and v be the two vertices
of degree 4 in G. From the structure of GG, there is a pendant vertex w’ attached at
w and there exist a pendant vertex v’ and a pendant path P, := uujus. .. up_1uy
attached at u, two pendant paths P’ := vv'v” and P, := vv vy ... v,_1v; attached at v
in G. Note that n(G) = 2k + 7. By the structure of G, we have Tr(w) = k* + 3k + 10,
Tr(u) = (k+ 12+ 9, and Tr(v) = (k + 1) + 8. By Proposition 1.4 and Lemma
1.1, we observe that Tr(w') = k? + 5k + 15, Tr(uv/) = (k + 1)? + 2k + 14, Tr(¢v') =
(k+1)* 42k + 11, Tr(v") = (k+1)* + 4k + 16, the set of vertices on P, including u is
{(k+1)*+3j%: 7 € [k+3]\[2]} and the set of transmissions of vertices on P, including
vis {k* + 2k +j%:j € [k+ 3]\ [2]}. Therefore, we have

T(G) = D JB+ (k+ 1)) [ (B + (F* + 2k)),

where D = {k+9,2k + 11,2k + 14, 3k + 14,4k + 16} + (k + 1)%. Thus our result follows
from the assumption. O

Next we give a complete characterization of transmission irregularity of the line
graph L(T) of T =T(a,a + 1,a + 2).

Theorem 4.2 Let T = T(a,a + 1,a + 2) with a > 2. Then L(T) is transmission
wrreqular if and only if a is even.
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Proof. Note that L(T) = Cs(a — 1,a,a + 1) of order 3a + 3. Assume that three
vertices of degree 3 in L(T") are u, v, and w at which the attached pendant paths are of
lengths @ — 1, a, and a + 1, respectively. Then Tr(u) = (3a+7) +4, Tr(v) = (3a+7) + 3,
and Tr(w) = % + 2. From Proposition 1.4 and Lemma 1.1, the transmlssmns
of the vertices on the (a — 1)-, a-, and (a + 1)-arms not including u, v, and w are
A BT A, 4 2B ang A + B0 where A, = {pa+ (p+2)>:p € [a—1]},

—{pa+(p+1)+2 []}andA ={pa+p*+2:p € fa+1]} Let
A ={2,3,4}JUA,UA,UA,. Then Tr(L(T)) = A4+« 3a+7) . Thus L(T') is transmission
irregular if and only if the sets A,, A,, and A, are palrW1se disjoint. Since each of
Ay, Ay, and A, consists of increasing numbers in terms of p, the only possible equal
numbers in these three sets can happen if we have the following equality:

pa+(p+2)°=@@+1la+(p+1)?+2,

which implies 2p + 1 = a. We conclude that the sets A,, A,, and A, are pairwise
disjoint if and only if a is even. O

From Theorem 4.2, we conclude that T'(a,a + 1,a + 2) is transmission irregular if
and only if LT (a,a+ 1,a+ 2) is not transmission irregular. This interesting fact leads
to the following problem.

Problem 4.3 Investigate the correlation between the transmission irreqularity of (s-
tarlike) trees with that of their line graphs.
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